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Scalar wave diffraction from zero-range scatterers
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The zero-range approximation for wave scattering is popularized. The genera idea of
the approximation is outlined and the theory is applied to solve an illustrative example:
diffraction on a system of four identical scatterers forming a T;-symmetry structure. The
group theoretical methods are used to decompose a scattered wave into four partial waves
adequate to the symmetry group of the target. Concepts of partial scattering amplitudes,
associated phase shifts and partial cross sections for the nonspherical target considered are
introduced and utilized. It is shown that under some conditions a phenomenon of resonant
scattering may occur.

1. Introduction

Problems of wave scattering from discrete systems of obstacles are frequently
considered in applications of the theory of wave motion. They are met, for instance,
in atomic, molecular, chemical, condensed matter and nuclear science as well as in
acoustics, electromagnetic theory and geophysics. A solution to any particular problem
depends on physica nature of a wave and targets, on laws of their interaction, on
size and shape of individual obstacles, their relative localization and on wave length.
Such a variety of factors which should be taken into account causes that in most
cases only numerical solutions are available. Obviously, analytical solutions, even
approximate, aways remain of considerable interest because of their compactness
and a possibility they offer to discuss the dependency of scattering observables on
parameters characterizing a system.

Aninteresting and useful approximate analytical method of solving the problem of
wave diffraction on a system of targets in the extreme case when spatial dimensions of
individual scatterers are much lesser than the wave length was developed by nuclear
physicists [2]. The method, known as the zero-range approximation, bases on the
assumption that scatterers may be considered to be point-like and that their interaction
with the wave may be modeled by a set of limiting conditions obeyed by a solution
of a wave equation at points where these zero-range scatterers are situated. Until
now the approximation has found numerous applications in quantum theory [2,5—
9,12 and references therein]. It is a purpose of this paper to popularize the zero-
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range approximation by showing its ability to provide analytical solutions to diffraction
problems of interest for chemists and molecular physicists.

The rest of the work is divided into two sections. Section 2 contains a brief
outline of the theory of wave scattering from an arbitrary system of zero-range targets.
In section 3 wave diffraction from a system of four identical zero-range scatterers
located in vertices of afictitious regular tetrahedron is considered as an example of the
applicability of the zero-range approximation. A scattered wave is decomposed into
partia waves adequate to the T;-symmetry point group to which the target belongs.
Concepts of partial scattering amplitudes, associated phase shifts and partia cross
sections for such a nonspherical scatterer are then introduced and applied. The section
concludes with showing that under some conditions wave scattering from the obstacle
under study may be of a resonant character.

2. Diffraction from zero-range scatterers. an outline of the theory

Consider situation when a scalar plane wave of the wave vector k; impinges on
a system consisting of N fixed, in general non-identical, zero-range non-absorbing
spherically symmetric obstacles located at points r,, n = 1,...,N. Everywhere,
except the points where the scatterers are situated, the time-independent wave equation
is the Helmholtz equation

(V2 + k2 W(k;,r) =0 (r#r,n=1,...,N), (1)

where k = |k;|. Its particular solution, describing the process under consideration, has
the form

W(k;,7) = b 4 Ok, 7), 2

in which the first and the second term on the right represents the incident and the
scattered wave, respectively. It is assumed that the scattered wave ®(k;, r) is a super-
position of N spherically symmetric waves outgoing from individual targets

N
ki, r) = fulki)bn(r), €)
n=1
where
eik:|r—1"n\
¢n(r) = (n=1,...,N), @)
|r — 7y

while f,,(k;) are the superposition coefficients which are to be found. Since the targets
are point-like, their interaction with the incident wave, resulting in a formation of the
scattered wave, must be given in the form of a set of limiting conditions imposed on
the solution of equation (1) at the points where the targets are situated. The particular
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form of these conditions follows from the assumption that the obstacles do not absorb
the wave. This means that the flux of the vector

7 =1m[W (k;, ") V¥(k;,7)] (5)

through an infinitesimal spherical surface centered at an arbitrary scattered vanishes

lim / dsn% Am[W ks, VW) =0 (n=1,....N). (6)
r—"Tn Sn — n

(The vector (r —r,,)/|r —r,| isthe unit vector normal to the sphere S,, at the point r.)
It may be verified by direct substitution that the constraint (6) is satisfied if the function
W(k;, r) obeys the conditions

TILrD 1+ kplr —7p| + (r — 1) - V]W(ki,7) =0 (n=1,...,N), (7

where «,, is a rea parameter characterizing the nth scatterer. In general, one might
consider the possibility that the parameters x,, n = 1,..., N, are k-dependent but in
what follows we shall restrict our analysis to the simplest case when they are constant.

The conditions (7) enable one to find the superposition coefficients in the outgoing
wave (3). Indeed, subgtitution of equations (2) and (3) into equation (7) yields the
system of algebraic equations for f,(k;)

N
ik + mn) fu(ks) + Y (ki) om(rn) = —€*7, )
m=1
(m+#n)
which, at least in principle, may be solved for an arbitrary geometry of the scattering
centers. The solution facilitates, however, whenever the target system is invariant
under some group of symmetry transformations. This will be illustrated in the next
section.

Once the coefficients f,(k;) have been found, the scattering amplitude F(k;, k),
defined by

oo eikr
with k¢ = kr /r, may be determined. Combining the obvious asymptotic relation
oo . eik:r
bu(r) =F eks™mZ_ (n=1,...,N) (10)
T

with equations (3) and (9), one obtains

N
Flhiky) = falli)e ™. (11)
n=1
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Given the amplitude F(k;, k), other quantities characterizing the scattering process,
such as the differential cross section for the transition k; — ky

(ki kg) = |Fki k)| (12)

and the total (or integral) scattering cross section averaged over al directions of inci-
dence

1 N N
o) = 5 [ i [ &yl ko) (13
T Jar 47

may be found. It isto be noticed that the total cross section o (k) may be aso obtained
from the scattering amplitude via the optical theorem, which states that

o(k) = % L oPk; Im F(k;, k;). (14)

3. Diffraction from an X4 (T;-symmetry) structure
3.1. Theory

As an example illustrating applications of the zero-range approximation to prob-
lems of interest for chemists and molecular physicists in this section we consider
scattering of a plane wave from a system of four identical zero-range scatterers fixed
a the points

r1=(+a, +a, +a), r2 = (—a,—a,+a), (159)
r3=(+a,—a,—a), rq = (—a,+a,—a), (15b)

respectively (see figure 1). The distance between any two scatterers is
Ty — 7| =b=2V2a (n,m=1,2,3,4, n# m). (16)

It is easy to observe that the scatterers are situated in vertices of a fictitious regular
tetrahedron and therefore the target belongs to the T;-symmetry group. We shall make
extensive use of this fact in the following considerations.

In accord with eguation (3), the scattered wave is a superposition of waves
emerging from individua centers

4
ki, 7) = Y fulki)bn(r)- (17)
n=1

Using the group theoretical methods (see any textbook on quantum chemistry or mole-
cular quantum mechanics, eg., [1,10]), this wave may be decomposed into partial
waves forming bases for the irreducible representations of the symmetry group to
which the target belongs. It is found that the function (17) gives rise to one a; and
three ¢, partia waves

cb(kla 7’) = q)al(k’if T) + thg,J:(kif T) + q)tz,y(ki! 7’) + q)tzyz(ki’ 7’), (18)
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Figure 1. The system of four identical zero-range scatterers forming a Ty-symmetry structure. The
scatterers, depicted here of necessity using bullets, are point-like.

where

@k 1) = 3 [falk) + folke) + falk) + fak:)]

X [@1(r) + d2(r) + ¢3(r) + pa(r)], (199)
@k, ) = 5 [Falk) — falk) + Fo(ko) — Falk)]

X [¢2(r) — ¢a(r) + ¢3(r) — Pa(r)], (19b)
Dy, (i, 1) = %[fl(ki) — fa(ki) — fa(ks) + fa(ks)]

X [p1(r) — ¢2(r) — pa(r) + ¢a(r)], (19¢)
@1y lhs )= £ [Falk) + Folk) — ) — falky)

X [¢1(r) + ¢2(r) — ¢3(r) — da(r)]. (19d)

The coefficients f,,(k;) may be found from the system of equations (8). In the
particular case of the structure discussed in the present section, this system has the
form

ik+r €/ dR/p @b\ [ (k) —gkim
€ /b ik+r EFb @R b || falki) | [ —€Rme 20
gy éRip ik +k @Rb || falk) | T | —€Rims (20)
gy éRip @b k4 k) \ falks) —gkiTa

Solving this system directly for f,,(k;) is not necessary. Indeed, what we redly need
are the specific linear combinations of the coefficients which appear in equations (19a)
to (19d). Adding and subtracting equations from the system (20), one readily finds
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that
Ja(k) + fa(ki) + fa(k:) + fa(k:)
B /167[1 1 3(Snkb)/kb] |
= ~OGb+ 3coskb) + ikh + 3sinkp)> i) (213)
J1(ki) — fa(ki) + fa(k:) — fa(k:)
B V/167[1 — (sinkb)/kb] '
= O = coskb) + (kb — sinkpy~ 2 (B (210)
Ja(ki) — fa(ki) — fa(k:) + fa(k:)
/1671 — (Snkb)/kl] |
= 0 = coskb) + (kb — sinky > 2v (K (210)
Ja(ki) + fa(ki) — fa(ki) — fa(ks)
_ \/1671'[1— (sinkb)/kb] '
= O = coskb) + (kb — sinkpy Y 2= (K (21d)
where
- 1 ik-ry ik-r> ik-r3 ik-ry
Yoy (k) = N oI [dbr g ghre ghms y dhra] o (22q)
— i ik-ry _ Adkro ikrs  Adkry
V() = T = N k)] G gkr2 1 d dkra], (22
Vio(K) = — (gl dkme gy gk (220)
V/167[1 — (sinkb)/kb]
ytz,z(k) _ —I [eik-rl + eik-rz o eik-1"3 o eik-1"4] ) (22d)

V/167[1 — (sinkb)/kb]
Let us look somewhat closer at properties of the functions (22a) to (22d) which in
the description of scattering from the T;-symmetry obstacle considered here play the
same role as the spherical harmonics Y}, (k) do in an analysis of scattering from a

spherically symmetric target. Firstly, one notices that the functions are normalized to
unity in the sense of

/ &k Vi, (k)Vay (k) = 1, (234)
A

Pk Y}, () Vo) =1 (a=z,y,2). (23b)
4r

Secondly, it may be verified by direct integration that the functions are mutually or-
thogonal

’ &k Vi, () Via(k) =0 (o =z,y,2), (249)

Pk YV o (k) Vi () =0 (a,0' = 2,y,2, a #a). (24b)
A
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Moreover, in the limiting case when the distance between individual scatterers is very
small compared to the wave length, kb < 1, the function Y,,(k) becomes the | = 0
spherical harmonic
kb—0 ~ 1
0 (K Yoo(k) = —, 253
while the functions ), o(k), o = z,y, z, tend to simple linear combinations of the
[ = 1 spherical harmonics

k—o 1 ~ 1 3~

Vipa(k) — *72Y1,+1(k) + ﬁYl,,l(E) =\2r k-z, (25b)
Vi) =0 i 1 (B) + —=vi (k) = ) k-5 (250)
¥ V2 N/ 47
— -~ 3 o
ytz,z(k) kb—>0 Yl,O (k) = \/ E k-z, (25d)

where Z, y, z are the unit vectors in the direction of the OX, OY and OZ Cartesian
coordinate axes, respectively. (The definition of the spherical harmonics used in the
present work follows the Condon—Shortley phase convention [3,4].)

We define the partial scattering amplitudes F,, (k;, ky) and Fi, o (ki ky), o =
x,, 2z, through the asymptotic relations

ikr
D, (ki,7) = a(ki k) e , (26a)
T
oo eikr
q)tz,a(ki! 7’) — Ez,a(ki! kf) (Oé =I,Y, Z) (26b)

r

Then, it is the consequence of equations (9), (18), (26a) and (26b) that the tota
scattering amplitude F(k;, k) may be decomposed in the following way:

Flkiky) = Fay(ki k) + Y Fryalki,ky). (27)
a=z,y,z

From equations (10), (198)—(19d) and (21a)—<(21d) one infers that angular dependences
of the partia scattering amplitudes may be factored out. One has

Far(ki kg) = anFy (k)V; (K f)Va, (ki) (283)
Froolki kg) = dnE,(R)V], o (k) Via(ki) (= 2,y,2), (28b)
where the scalar partial amplitudes F,,, (k) and F3, (k) are
1 kb+ 3sinkb
Fa(K) = = Gob T 3coskb) (kb - 35nkD)’ (2%)
1 kb —sinkb
F, (k)= (29b)

 k (kb — coskb) + i(kb — sinkb)
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The latter amplitudes may be used to define the scattering phase shifts 6., (k) and 6, (k)
through the relations

1 1 1
_— F; = —) 30
Fay () = k COt 8o, (k) — i 2(K) = 3 oot S1,(k) —1 (30)
hence, it follows that
kb + 3coskb kb — coskb
coto(®) =~ ganm ) = g (1)

Once the scattering amplitude has been found, the integral cross section may be found
either from equation (13) or from equation (14). In either case one readily obtains

(k) = 00, (k) + 01, (k) = 00, (K) + D 01p0(k) (32)

a=z,Yy,2z

with partial Cross sections

A (kb + 3sinkb)?
AT s, , 33
0ay (k) = S'n bar(k) = 12 (kb + 3coskb)? + (kb + 3sinkb)? (339
Ar (kb — sinkb)?

Ttralk) = —Sin b1, (k) =

72 (b — coskb2 + (kb —snkp (@ = y2)- (33)

Notice that the three ¢, partia waves contribute equally to the total cross section.
3.2. Discussion

We begin the discussion of the results of section 3.1 with analyzing the phase
shifts 64,(k) and é:,(k). Their values, extracted from equation (31), are plotted in
figure 2 against kb for six representative values of the product xb. Since equation (31)
defines the phase shifts modulo 7 only, we have normalized é,, (k) and é;,(k) so that
they vanish at kb = 0. It is seen that both phase shifts show an oscillatory dependence
on kb. The phase é,, (k) goes through —/2 at such values of kb, denoted henceforth
as kg, b, that

1
CoSkg, b = —énb, -3 < kb <3 (34

while the phase é;,(k) crosses +7/2 at kb = k,b such that
cosky,b=rb, —1<rb<1l (35)

It is known from the genera theory of wave scattering [11] that resonant features
occur in apartia cross section around such wave numbers for which the corresponding
phase shift goes across an odd multiple of 7/2 and, simultaneously, the partid wave
retardation stretch, defined by Wigner [13] as

do(k)

AL =2——
dk

(36)
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Figure 2. The phase shifts é,,(k) (the solid line) and é.,(k) (the dotted line) plotted versus kb for six
representative values of the parameter «b. The horizontal dashed lines have been drawn at +7 /2.
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exceeds a characteristic dimension L of the region where awave interacts with atarget.
Applying this result to the present case we see that resonances in the a; and ¢, partial
waves will occur around the roots of equations (34) and (35), respectively, provided
that

%déal(k) o1 g 2%u0)

> 1, (37)
dk [y, bodk [y,

respectively. By evaluating the derivatives, the conditions (37) are transformed to the
forms

3sinkg,b sink;,b
- : 1 and 2 N0
Faib + 3SNkarb Ty

respectively. The inequalities (38) may be solved either graphically or numericaly. It
is found that the first of them is satisfied for

> 1, (38)

1 2
D < koyb < €9, (39)
where
1 2
1 ~ 3547, @ ~ 5610 (40)
are two lowest positive roots of
sing 1
- _= 41
c =% (41)
while the second is satisfied for
0 < kb < €D, (42)
where
& ~ 2279 (43)
is the lowest positive root of
sn¢g 1
— =, 44
e =3 (44)

On combining these results with equations (34) and (35), one concludes that a reso-
nance, located around

1
kq,b =1 + arccos:—%mb, (45)

arises in the partial wave a; for
—2.346 < kb < 2.757, (46)
while a resonance in the partia wave t,, located around

ki,b = arccos kb, (47)
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Figure 3. The partia cross sections o, (k) (the solid line) and o+, (k) (the dotted line) plotted versus kb

for the same values of the parameter b as used in figure 2.
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occurs for
—0.650 < kb < 1. (48)

In equations (45) and (47) the principa branch of the arc cosine is used.

We now pass on to analysis of the partial cross sections o, (k) and o, (k) plotted
against kb in figure 3. The resonance predicted in the é;,(k) phase shift at low values
of kb manifests itself as a pronounced peak in the corresponding partial cross section
ot,(k). As the product «b tends towards the unity from below, the peak becomes
higher, narrower and its position shifts towards very small values of kb. For kb > 1
the resonant peak disappears and the observed maximum is of nonresonant origin. The
limiting case kb = 1 is exceptiona since only in this case the partial cross section
o1,(k) does not vanish for k = 0; instead, it takes there the value 47b%/3. The shape
of the curve o,, (k) differs distinctly from o,(k) and the a;-resonance is seen only as
alow broad hump in o,, (k) located as predicted by equation (45).
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